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Abstract. Let κ be inaccessible in L, and let

N = L[G], G ⊆ Coll(ω,<κ),

be the Levy collapse extension. We construct a lightface Π1
1 equivalence

relation on the reals whose classes are countable in N, while its irreflexive
part is not generated by any countable family of real-ordinal definable
partial functions. This gives an affirmative answer to a question of
Kanovei and Lyubetsky. The construction uses the relativized largest
thin set C1(z) to obtain, uniformly in z, a coanalytic subgroup Hz ⊆ L[z]
which is uncountable in L[z]. In the collapse extension the cosets of Hz

are countable. Given a putative countable ROD generating family, an
enumeration can be made OD(z) for one real z, and the argument is
localized to a Cohen extension of L[z], where a generic coset of Hz is an
uncountable clique. A ccc antichain argument rules out generation of
this clique.

1. Introduction

Let X be a set and let G ⊆ X2 be an irreflexive symmetric relation. A
family F of partial functions from X to X generates G if, for distinct x, y ∈ X,

x G y ⇐⇒ ∃f ∈ F
(
f(x) = y ∨ f(y) = x

)
.

An equation involving f(x) includes the assertion that x ∈ dom(f). A set is
real-ordinal definable (ROD) if it is definable from a real and finitely many
ordinals; a partial function is ROD if its graph is. A countable family of ROD
functions will always mean a countable family whose members are individually
ROD; no definability of the family itself is assumed. The Luzin–Novikov
theorem implies that every locally countable Borel graph is generated by
countably many partial Borel functions.

Kanovei and Lyubetsky asked whether, in the Solovay model, there is a
locally countable Π1

1 graph which is not generated by a countable family of
ROD functions [3, Problem 1]. We note that the term “Solovay model” in
their paper refers to the full collapse extension

N = L[G], G ⊆ Coll(ω,<κ),
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where κ is inaccessible in L [3, Definition 10], instead of the choiceless inner
model that is also often called the Solovay model.

We answer their question affirmatively. In fact, the graph can be taken to
be the irreflexive part of a lightface coanalytic equivalence relation.

Theorem 1.1. In N there is a lightface Π1
1 equivalence relation E on the

reals such that every E-class is countable, but the graph

G = E \ {(x, x) : x ∈ 2ω}

is not generated by any countable family of ROD partial functions.

The proof has two components. Its descriptive-set-theoretic component
is based on a construction of Friedman and Törnquist, using ideas of Miller
and Conley, recorded by Chan [1, Theorem 11.1]. In that construction, an
uncountable thin coanalytic set is placed inside a linearly independent perfect
set; the subgroup it generates is coanalytic, and the corresponding coset
relation has uncountable thin classes. Here we apply the same finite-span
mechanism uniformly to the relativized largest thin sets C1(z). For each real
z this yields a coanalytic subgroup Hz of the Cantor group which is contained
in L[z] and uncountable in L[z]. The equivalence classes over the parameter
z are the cosets of Hz. They become countable in N because L[z] ∩ 2ω is
countable there.

In the forcing component, we use an antichain argument to rule out
countable ROD generation. Suppose that a countable ROD family generated
the graph. In N the family can be defined from one real z0 and ordinal
parameters. We choose in N a Cohen real a over L[z0] and restrict the family
to L[z0, a]. The coset

{⟨z0, a+ h⟩ : h ∈ Hz0}

is an uncountable clique in this intermediate extension. Its elements are
obtained from one another by ground-model translations and all generate the
same Cohen extension. Every edge of the graph has the additional property
that either endpoint belongs to the constructible universe generated by the
other. Weak homogeneity and the ccc then imply that one definable function
has only countably many points of the clique in any fixed inverse fiber. This
is incompatible with countable generation.

2. The coanalytic equivalence relation

For a real r, let ωr
1 denote supremum of r-recursive ordinals. For reals z, x,

write z ⊕ x for their Turing join. We regard 2ω as the Cantor group with
coordinatewise addition modulo 2, denoted by +. A set of reals is thin if it
contains no nonempty perfect subset.

For z ∈ 2ω, let

(1) C1(z) = {x ∈ 2ω : x ∈ Lωz⊕x
1

[z]}.
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We shall use the following properties of this set: the relation x ∈ C1(z) is
lightface Π1

1 in (z, x), C1(z) ⊆ L[z], C1(z) is the largest Π1
1(z) thin set, and

that L[z] regards C1(z) as uncountable.. For details, see [2, Theorem 4.3.3].
We next place C1(z) inside a recursively presented linearly independent

perfect set. Fix a recursive bijection e : ω → 2<ω, and define ϑ : 2ω → 2ω by

ϑ(x)(n) = 1 ⇐⇒ e(n) ⊆ x.

Let D = ϑ[2ω]. Then D is a recursive perfect set and ϑ is a recursive
homeomorphism of 2ω onto D. Moreover, D is linearly independent over F2.
Indeed, given distinct x0, . . . , xk−1, choose m such that their initial segments
of length m are pairwise distinct. At the coordinate corresponding to xi ↾m,
the real ϑ(xi) has value 1 and all the other ϑ(xj) have value 0.

Put
Pz = ϑ[C1(z)], Hz = spanF2

(Pz).

Thus Hz is the set of finite sums of members of Pz, including the empty sum
0.

Proposition 2.1. The relation h ∈ Hz is lightface Π1
1. For every z ∈ 2ω, we

have Hz ⊆ L[z], and L[z] satisfies that Hz is uncountable. If V ⊆ V [K] is a
forcing extension and z ∈ V , then Hz has the same members in V and V [K].

Proof. Let span(D) be the set of finite sums of members of D. By the
linear independence of D, every h ∈ span(D) has a unique finite support
supp(h) ⊆ D. The relation saying that a strictly lexicographically increasing
finite sequence from D has sum h is lightface Borel and has at most one such
sequence for each h. The effective Luzin–Novikov theorem therefore implies
that span(D) is lightface Borel and that the finite-support map h 7→ supp(h)
is lightface Borel on its domain; see, for example, [4, Section 4D]. This is the
Cantor-group version of the finite-support argument used in [1, Theorem 11.1].

For h ∈ 2ω we now have

h ∈ Hz ⇐⇒ h ∈ span(D) ∧ supp(h) ⊆ Pz.

Membership in Pz is uniformly Π1
1(z), and the support is finite and Borel-

decodable. Hence the displayed condition is uniformly Π1
1(z).

Since C1(z) ⊆ L[z], also Pz ⊆ L[z], and therefore Hz ⊆ L[z]. The set Pz

is uncountable in L[z] and is contained in Hz, so Hz is uncountable there.
Finally suppose that V ⊆ V [K] and z ∈ V . For any real h ∈ V , the

statement h ∈ Hz is Π1
1 and hence is absolute between V and V [K]. This

shows that every member of Hz computed in V remains a member in V [K].
Conversely, the argument above, carried out in V [K], shows that every
member of Hz computed there belongs to L[z]. Forcing does not change
L[z], so such an h already belongs to V , and absoluteness then puts it in the
ground-model computation of Hz. □

Define an equivalence relation on 2ω × 2ω by

(2) ⟨z, x⟩ E ⟨w, y⟩ ⇐⇒ z = w ∧ x+ y ∈ Hz.
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Proposition 2.2. The relation E is a lightface Π1
1 equivalence relation. Its

classes are
[⟨z, x⟩]E = {⟨z, x+ h⟩ : h ∈ Hz}.

Moreover, if distinct u, v are E-equivalent, then

(3) u ∈ L[v] and v ∈ L[u].

Proof. The complexity follows from Proposition 2.1. Reflexivity, symmetry,
and transitivity follow from the fact that each Hz is a subgroup.

Write u = ⟨z, x⟩ and v = ⟨z, y⟩, and suppose that x + y = h ∈ Hz. By
Proposition 2.1, h ∈ L[z]. The real z is recursively recoverable from v, so
L[z] ⊆ L[v]. It follows that x = y + h ∈ L[v], and hence u ∈ L[v]. The other
inclusion is symmetric. □

Let G = E \∆ be the irreflexive part of E. It is a lightface Π1
1 graph.

3. A c.c.c. argument

We first isolate the elementary ccc fact used in the proof. Fix a parameter-
free definable class function

d : Ord×2ω −→ 2ω

such that, for every real y,

{d(ξ, y) : ξ ∈ Ord} = L[y] ∩ 2ω.

One may take d(ξ, y) to be the ξth real in the canonical well-order of L[y],
allowing repetitions and a default value.

Lemma 3.1. Let M be a transitive model of ZFC, let P ∈ M be a ccc forcing
notion, and let ẋ, ẏ ∈ M be names for reals such that

1P ⊩M ẋ ∈ L[ẏ].

Then there is a maximal antichain A ∈ M and ordinals ξp, for p ∈ A, such
that

p ⊩M ẋ = d(ξ̌p, ẏ) (p ∈ A).

Consequently, suppose that W is an outer model containing a family {Gi :
i ∈ I} of M -generic filters such that M [Gi] = W for every i ∈ I. Put

xi = ẋGi , yi = ẏGi .

For every fixed real b ∈ W , the set

{xi : yi = b}
is countable in W .

Proof. Given q ∈ P, the hypothesis implies

q ⊩M ∃ξ ∈ Ord
(
ẋ = d(ξ, ẏ)

)
.

By the maximal principle and a further strengthening, there are p ≤ q and
an ordinal ξ such that p ⊩M ẋ = d(ξ̌, ẏ). Thus the set of such conditions is
dense. Choose a maximal antichain A contained in this dense set and, for
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each p ∈ A, choose a corresponding ordinal ξp. The antichain is countable
because P is ccc.

For the final assertion, let pi be the unique member of A ∩Gi. If yi = b,
then in W

xi = d(ξpi , b).

Therefore
{xi : yi = b} ⊆ {d(ξp, b) : p ∈ A},

and the set on the right is countable. □

Fix z ∈ 2ω, put M = L[z], and let a be Cohen-generic over M . Let

W = M [a].

For h ∈ Hz as computed in M , put

ah = a+ h, uh = ⟨z, ah⟩.
Translation by h is an automorphism of Cohen forcing, so ah is Cohen-generic
over M and

(4) M [ah] = M [a] = W.

By Proposition 2.1, the group Hz is the same in M and W . It is uncountable
in M , and Cohen forcing preserves its uncountability. Therefore

(5) X = {uh : h ∈ Hz}
is an uncountable set in W . It is a clique in G: for distinct h, k,

(a+ h) + (a+ k) = h+ k ∈ Hz.

Proposition 3.2. In W = L[z, a], the graph G is not generated by any
countable family of partial functions each individually ODW (z).

Proof. Suppose that {fn : n < ω} is such a generating family. Fix u∗ =
uh∗ ∈ X. For each n, define a total function f̄n by

f̄n(u) =

{
fn(u), u ∈ dom(fn),

u, u /∈ dom(fn).

This function is ODW (z). Since the original family generates G, every non-
diagonal pair (u, fn(u)) is an edge of G. Proposition 2.2 therefore gives

(6) W |= ∀u ∈ 2ω
(
u ∈ L[f̄n(u)]

)
.

Choose a formula φn(u, v, z, α⃗), with a finite tuple of ordinal parameters
α⃗, which defines the graph of f̄n in W . Let Ψn(z, α⃗) be the assertion that
φn defines a total function on 2ω and that

∀u, v ∈ 2ω
(
φn(u, v, z, α⃗) −→ u ∈ L[v]

)
.

The model W satisfies Ψn(z, α⃗), so some condition in the original generic
filter forces it. Cohen forcing is weakly homogeneous and all the parameters
belong to M . Hence

1 ⊩M Ψn(ž, ˇ⃗α).
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Let ȧ be the canonical name for the Cohen real and let

u̇ = ⟨ž, ȧ⟩.
By the maximal principle there is a name ẏn ∈ M such that

1 ⊩M φn(u̇, ẏn, ž, ˇ⃗α).

Consequently,
1 ⊩M u̇ ∈ L[ẏn].

For h ∈ Hz, let Gh be the translate of the original Cohen-generic filter
whose generic real is ah. By (4), every M [Gh] is the same universe W . Since
the formula φn(u, v, z, α⃗) defines f̄n in this universe,

u̇Gh = uh, ẏGh
n = f̄n(uh).

Applying Lemma 3.1 to u̇ and ẏn shows that, for every fixed v ∈ W , the set

{uh ∈ X : f̄n(uh) = v}
is countable. In particular, the incoming set

In = {uh ∈ X : fn(uh) = u∗}
is countable.

The outgoing value fn(u∗), when defined, accounts for at most one member
of X. Since X is a clique generated by the functions fn, every u ∈ X \ {u∗}
belongs, for some n, either to In or to the singleton {fn(u∗)}. Thus X is
countable, contradicting (5). □

4. The Levy collapse extension

Let κ be inaccessible in L, and let

N = L[G], G ⊆ Coll(ω,<κ)

be a generic extension of L. We use the following standard properties of this
model, collected in [3, Proposition 11]:

(1) every sequence of ROD sets is itself ROD;
(2) if A ⊆ 2ω is OD(z), then for every real a the set A ∩ L[z, a] belongs

to L[z, a] and is OD(z) there;
(3) L[z] ∩ 2ω is countable in N for every real z.

We now prove the main theorem.

Proof of Theorem 1.1. The relation E defined by (2) is lightface Π1
1 by Propo-

sition 2.2. Fix ⟨z, x⟩ ∈ 2ω × 2ω. Its E-class is contained in

{⟨z, x+ h⟩ : h ∈ L[z] ∩ 2ω},
which is countable in N. Hence E is a countable equivalence relation in N,
and G = E \∆ is a locally countable lightface Π1

1 graph.
Suppose toward a contradiction that a countable family of ROD partial

functions generates G in N. Since N satisfies ZFC, choose an enumeration
⟨fn : n < ω⟩. By property (1), the sequence is ROD. Thus there is a real z0
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such that the sequence is OD(z0), where ordinal parameters are allowed in
this notation.

There is in N a Cohen real a over L[z0]. Indeed, every dense subset of the
countable Cohen forcing which belongs to L[z0] is coded by a real of L[z0],
and the set of such reals is countable in N by property (3). Enumerating the
dense sets and meeting them successively produces the required real.

Put W = L[z0, a]. Using a fixed recursive coding of tuples by reals, code
the graphs of the sequence by

A = {⟨n, x, y⟩ : fn(x) = y}.

The set A is OD(z0) in N. By property (2),

A′ = A ∩W

belongs to W and is OD(z0) there. Decode A′ as a sequence of partial
functions ⟨gn : n < ω⟩ on the reals of W . Each gn is ODW (z0).

For reals x, y ∈ W , the statement x G y is absolute between W and N by
Mostowski absoluteness, since G is lightface Π1

1. The sequence ⟨gn : n < ω⟩
generates the graph computed in W . To see this, let x, y ∈ W be adjacent.
They are adjacent in N, so for some n either fn(x) = y or fn(y) = x. The
relevant coded triple belongs to A′. Conversely, if x ≠ y and gn(x) = y, then
fn(x) = y in N, so x G y there and hence also in W ; the same applies with x
and y reversed.

This contradicts Proposition 3.2, applied with z = z0. □

Kanovei and Lyubetsky also consider ROD chromatic numbers. As in
[3], χROD(G) is the least possible cardinality of the range of a ROD proper
coloring from the vertex set to 2ω.

Corollary 4.1. In N, the graph G has ROD chromatic number

χROD(G) = 2ℵ0 .

Proof. Suppose that c : 2ω → 2ω is a ROD proper coloring of G with countable
range C. For each r ∈ C, define a partial function fr by

fr(x) = y ⇐⇒ x G y ∧ c(y) = r.

This relation is functional. Indeed, if y and y′ are both neighbors of x,
then x, y, y′ lie in one E-class. If y ̸= y′, then y G y′, and properness gives
c(y) ̸= c(y′).

Each fr is ROD, using r and the parameters defining c, and the family
{fr : r ∈ C} is countable. If x G y, then fc(y)(x) = y. Hence this family
generates G, contrary to Theorem 1.1. Thus G has no countable ROD coloring.

The range of any ROD coloring is a ROD set of reals. In the Levy–Solovay
extension, every uncountable ROD set of reals has a perfect subset and hence
has size 2ℵ0 [3, Proposition 11(v)]. The reverse inequality is given by the
identity coloring. □
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5. Remarks

The dependence of Hz on the first coordinate is essential to the argu-
ment. In the Friedman–Törnquist construction recorded by Chan, a single
constructibly coded coanalytic subgroup suffices for the question considered
there. Here a fixed coanalytic subgroup contained in L becomes countable in
N, and it is already countable in every intermediate model L[z, a] whenever
ωL
1 is countable in L[z]. Such a subgroup would not provide the uncountable

clique used in Proposition 3.2. The uniform family obtained from the rela-
tivized largest thin sets C1(z) avoids this obstruction: Hz is uncountable in
L[z] for every real z. Once a purported generating family is coded by z0, the
fiber over z0 supplies the required clique.

Kanovei and Lyubetsky propose a different graph in [3, Problem 1], ob-
tained by lifting equi-constructibility through a coanalytic uniformization.
In the present construction, the extra coordinate selects a subgroup, and
the second coordinate carries a generic coset. This makes it possible to use
translations of one Cohen real rather than canonizing the witnesses of a
uniformization.
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