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Abstract. Let Aut([0, 1], λ) be the Polish group of invertible measure-
preserving transformations with the weak topology. Using Kunde’s
reduction from ill-founded trees to reversibility of weakly mixing trans-
formations, we apply a skew-product construction over an odometer to
show that, for each integer n ≥ 2, the set of ergodic transformations
that admit an nth root is complete analytic. The same is therefore
true without the ergodicity requirement. This answers a question by
Thornton.

1. Introduction

Let (X,µ) be a standard atomless probability space, and let G = Aut(X,µ)
be the group of invertible measure-preserving transformations modulo equality
almost everywhere, equipped with the weak topology. We write R ∼= Q if R
and Q are measure-theoretically conjugate. For n ≥ 2, set Rn = {T ∈ G :
(∃S ∈ G) Sn = T} and Rerg

n = {T ∈ Rn : T is ergodic}. The map S 7→ Sn is
continuous, so Rn is analytic. The ergodic transformations form a Gδ subset
of G, and hence Rerg

n is analytic as well. Notice also that every root of an
ergodic transformation is ergodic, since every set invariant under the root is
invariant under its nth power.

The main result is the following.

Theorem 1.1. For every integer n ≥ 2, the set Rerg
n is Σ1

1-complete.

The reduction in the proof takes values in the ergodic transformations. It
therefore gives the unrestricted statement at the same time.

Corollary 1.2. For every integer n ≥ 2, the set Rn is Σ1
1-complete.

Roots of measure-preserving transformations were studied by Halmos [6].
Ornstein subsequently constructed a mixing transformation with no square
root [11], whereas King proved that a generic transformation has roots of
every order [8]. For n = 2, Corollary 1.2 proves the descriptive-set-theoretic
conjecture in Problem 43 of [1].

Foreman, Rudolph, and Weiss proved both that reversibility is complete
analytic among ergodic transformations and that the ergodic transformations
with nontrivial centralizer form a complete analytic set [3]. However, there
is no straightforward way to apply their result directly to Theorem 4.6
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below to derive our result: the converse in that theorem is proved only for
weakly mixing inputs, whereas the Foreman–Rudolph–Weiss theorem does
not provide a reduction with weakly mixing range. We therefore use Kunde’s
refinement [9, Theorem 3], which gives a continuous family τ 7→ Rτ of weakly
mixing transformations such that

τ is ill-founded ⇐⇒ Rτ
∼= R−1

τ .

For each fixed n ≥ 2, we construct a continuous map R 7−→ Gn(R) on the
weakly mixing transformations such that Gn(R) is ergodic and

Gn(R) has an nth root ⇐⇒ R ∼= R−1.

Composing the two maps proves Theorem 1.1.
The map Gn(R) is a skew product over an odometer B on a profinite

group Z, with fiber Xn. Its cocycle takes values in Γ = Zn; each of the first
n − 1 standard generators acts by R on the corresponding coordinate and
trivially on the others, while the last acts by R−1 on the last coordinate. The
cocycle is chosen so that, when R is weakly mixing, the extension is relatively
weakly mixing; consequently the base is the maximal Kronecker factor. If
URU−1 = R−1, a cyclic permutation of the fiber coordinates, twisted by U ,
gives an explicit nth root. Conversely, any nth root descends to the unique
nth root of B, and the resulting fiber equations force R ∼= R−1.

For background on measurable cocycles and skew-product extensions, see
[12]. We use the standard characterization of relative weak mixing by the
relatively independent square, as well as basic facts about Kronecker factors;
see [5, Chapter 9] and, for the structural role of relative weak mixing, [4].

2. A cocycle over an odometer

Fix n ≥ 2 for the remainder of Sections 2–4. Let Γ = Zn with standard
basis e0, . . . , en−1, and let P ∈ Aut(Γ) be the cyclic permutation determined
by Pei = ei+1, with indices taken modulo n.

Put c = 4n+1 and dj = n(j+1)+1 for j ≥ 0, and define positive integers
qj and mj by

q0 = 1, mj = cqj , qj+1 = djmj .

Then mj | qj+1 | mj+1, and every qj and mj is relatively prime to n. In
particular, mr | qj whenever r < j. Let Z = lim←−j

Z/mjZ with Haar proba-
bility measure ν, and let πj : Z → Z/mjZ be the coordinate maps. We use
additive notation and write r for the image in Z of r ∈ Z.

Define A(z) = z + 1 and B(z) = z + n = An(z). The image of Z is dense
in Z. Multiplication by n is an automorphism of every quotient Z/mjZ, and
hence of Z. It follows that B is ergodic and that Z has no nonzero element
annihilated by n.
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For j ≥ 0, let D+
j = π−1

j ({0}) and D−
j = π−1

j ({[2nqj ]mj}). These sets are
disjoint because 2nqj < mj . Define kj = e0

(
1D+

j
− 1D−

j

)
. Since mj ≥ cj+1,

∞∑
j=0

ν(D+
j ∪D−

j ) =
∞∑
j=0

2

mj
<∞.

Thus the series
∑

j kj(z) is finite for almost every z. Let N∞ = lim supj(D
+
j ∪

D−
j ), so that ν(N∞) = 0, and define

k(z) =


∞∑
j=0

kj(z), z /∈ N∞,

0, z ∈ N∞.

Finally, define a measurable function ϕ : Z → Γ by

(1) ϕ(z) =
n−1∑
a=0

P−ak(Aaz).

The function ϕ generates a Γ-valued additive cocycle over B; for q ≥ 1, write

(2) ϕ[q](z) =

q−1∑
r=0

ϕ(Brz).

All later uses of the explicit cocycle are concentrated in the following
return property, which realizes every generator ei on a return inside any set
of positive measure.

Lemma 2.1. The set K = {z ∈ Z : k(z) = 0} has positive measure.
Moreover, if E ⊆ Z is measurable with ν(E) > 0 and i < n, then there is
q ≥ 1 such that

ν
(
E ∩B−qE ∩ {ϕ[q] = ei}

)
> 0.

Proof. The complement of
⋃

j(D
+
j ∪D−

j ) is contained in K. Since
∞∑
j=0

2

mj
≤

∞∑
j=0

2

cj+1
=

2

c− 1
< 1,

we have ν(K) > 0.
Fix i < n, and let ai ∈ {0, . . . , n− 1} be determined by P−aie0 = ei. We

use the return times qj . Since B = An, equations (1) and (2) give

(3) ϕ[qj ](z) =

nqj−1∑
t=0

P−tk(Atz).

Let

(4) Ej,i =

qj−1⋃
s=0

A−(ai+ns)D+
j .
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The sets in this union are distinct cosets of D+
j , because multiplication by n

is invertible modulo mj and qj < mj . Therefore ν(Ej,i) = qj/mj = 1/c. For
z ∈ Ej,i, the orbit segment z,Az, . . . , Anqj−1z meets D+

j exactly once, at a
time congruent to ai modulo n. It does not meet D−

j . Indeed, if it met both
sets at times t+ and t−, then t−− t+ ≡ 2nqj (mod mj). But |t−− t+| < nqj ,
whereas the two representatives 2nqj and 2nqj − mj = −(2n + 1)qj have
absolute value greater than nqj . Thus the contribution of kj to (3) is ei on
Ej,i.

Every lower level contributes zero. Fix ℓ < j. The sequence t 7→ P−tkℓ(A
tz)

has period nmℓ, since n and mℓ are relatively prime. The length nqj is a
multiple of nmℓ. Over one period, the Chinese remainder theorem gives

nmℓ−1∑
t=0

P−tkℓ(A
tz) =

n−1∑
a=0

P−a
∑

b∈Z/mℓZ

kℓ(z + b)

= 0,

because the inner sum contains one value e0, one value −e0, and zeros
otherwise. Hence the total contribution of kℓ to (3) vanishes.

Let

Nj =
⋃
ℓ>j

nqj−1⋃
t=0

A−t(D+
ℓ ∪D−

ℓ )

and put Fj,i = Ej,i \Nj . If z ∈ Fj,i, then none of the points Atz, 0 ≤ t < nqj ,
belongs to N∞, and no level above j contributes to (3). The preceding
calculation therefore shows that

(5) Fj,i ⊆ {ϕ[qj ] = ei}.
The error sets have measure tending to zero. Since mℓ+1 ≥ cmℓ and

mj+1 = c2djqj , we have

ν(Nj) ≤ 2nqj
∑
ℓ>j

1

mℓ
≤ 2nqj

c

c− 1

1

mj+1

=
2n

c(c− 1)dj
−→ 0.(6)

To place these returns inside an arbitrary positive-measure set, we need
the sets Ej,i to become equidistributed over every fixed finite quotient. Let
Ar be the finite σ-algebra generated by πr. If r < j, then mr | qj , and
multiplication by n permutes the residue classes modulo mr. It follows from
(4) that every atom of Ar contains the same proportion 1/c of Ej,i. Thus
E(1Ej,i | Ar) = 1/c whenever r < j. Since the union of the spaces L2(Ar)

is dense in L2(Z), it follows that 1Ej,i ⇀ 1/c weakly in L2(Z). By (6), the
same is true with Fj,i in place of Ej,i.

Finally, Bqj is translation by nqj . For each fixed r, one has mr | qj for
all sufficiently large j, so nqj → 0 in Z. The Koopman operators of Bqj

therefore converge to the identity on functions that factor through a finite
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quotient of Z, and hence strongly on L2(Z). Therefore, for every measurable
E ⊆ Z, ∣∣ν(E ∩B−qjE ∩ Fj,i)− ν(E ∩ Fj,i)

∣∣
≤ ∥1B−qjE − 1E∥2 −→ 0,

whereas weak convergence gives ν(E ∩ Fj,i) → ν(E)/c. If ν(E) > 0, then
ν(E ∩ B−qjE ∩ Fj,i) > 0 for all sufficiently large j. The conclusion follows
from (5). □

3. The skew product

The return property turns ergodicity of a fiber action into ergodicity of
the associated skew product. Let σ : Γ ↷ (Y, η) be a probability-preserving
action, and for γ ∈ Γ let Uγf = f ◦ σ(γ)−1 be the associated Koopman
operator.

Lemma 3.1. If σ : Γ ↷ (Y, η) is ergodic, then the skew product Tσ(z, y) =(
Bz, σ(ϕ(z))y

)
on (Z × Y, ν × η) is ergodic.

Proof. Let F ∈ L2(Z × Y ) be Tσ-invariant, and write vz = F (z, ·) ∈ L2(Y ).
Then

(7) vBz = Uϕ(z)vz

for almost every z. Since Γ is abelian, the function z 7→ ∥Ueivz − vz∥2 is
B-invariant for each i < n, and is therefore almost everywhere constant.

Fix i < n and ε > 0. The map z 7→ vz is strongly measurable, and L2(Y )
is separable. Hence some open ball of radius ε has a positive-measure inverse
image E ⊆ Z. By Lemma 2.1, there are q ≥ 1 and a positive-measure set
of z such that z,Bqz ∈ E and ϕ[q](z) = ei. Iterating (7) gives vBqz = Ueivz.
Thus ∥Ueivz − vz∥2 < 2ε on a set of positive measure. Since this norm is
almost everywhere constant and ε is arbitrary, Ueivz = vz for almost every z.
Repeating the argument for all i < n, we find that vz is invariant under σ for
almost every z. The action σ is ergodic, so vz is constant in the Y -variable.
Equation (7) and ergodicity of B then imply that F is constant. □

For R ∈ G, let Y = Xn with product measure µn, and define an action
ρR : Γ ↷ Y by

(8) ρR(v0, . . . , vn−1) = Rv0 × · · · ×Rvn−2 ×R−vn−1 .

Thus ρR(ei) acts by R on the ith coordinate for i < n − 1, while ρR(en−1)
acts by R−1 on the last coordinate. Define

(9) Gn(R)(z, y) =
(
Bz, ρR(ϕ(z))y

)
on Z × Y .

Proposition 3.2. If R is ergodic, then Gn(R) is ergodic. If R is weakly
mixing, then the extension Gn(R) → B is relatively weakly mixing, and its
maximal Kronecker factor is the base system (Z, ν,B).
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Proof. If R is ergodic, then the action ρR is ergodic. Indeed, invariance under
the coordinate generators removes dependence on the coordinates of Y one
at a time. Lemma 3.1 gives ergodicity of Gn(R).

Now suppose that R is weakly mixing. The relatively independent square of
(9) over the base is the skew product associated with the diagonal action γ 7→
ρR(γ)×ρR(γ) on Y ×Y . This Γ-action is ergodic. For i < n−1, the generator
ei acts by R×R on the pair of ith coordinates and trivially on the others,
while en−1 acts by R−1 ×R−1 on the last pair. Since these active coordinate
transformations are ergodic, invariance under all generators successively
removes dependence on every coordinate pair. Lemma 3.1 therefore shows
that the relatively independent square is ergodic. This is relative weak mixing
of the extension over B.

Let f be a nonzero eigenfunction of Gn(R). Then the function F (z, y0, y1) =

f(z, y0)f(z, y1) is invariant under the relatively independent square and
hence is constant almost everywhere. Since Gn(R) is ergodic, |f | is almost
everywhere a positive constant. It follows by Fubini’s theorem that f(z, ·)
is almost everywhere constant for almost every z. Thus every eigenfunction
is measurable with respect to the base. Conversely, the characters of Z are
eigenfunctions of B and generate its σ-algebra. Hence the maximal Kronecker
factor of Gn(R) is exactly (Z, ν,B). □

Fix a measure-space isomorphism between Z×Xn and X. By conjugating
through this isomorphism, we henceforth regard Gn(R) as an element of G.

Lemma 3.3. The map R 7→ Gn(R) from G to G is continuous in the weak
topology.

Proof. It is enough to work on Z × Xn. For every fixed v ∈ Γ, the map
R 7→ ρR(v) is continuous, since G is a topological group and finite products
of transformations depend continuously on their coordinates.

Suppose that Rj → R in G. Let C ⊆ Z and D ⊆ Xn be measurable. From
(9),

Gn(Rj)
−1(C ×D) =

⋃
v∈Γ

(
B−1C ∩ {ϕ = v}

)
× ρRj (v)

−1D,

where the union is disjoint. Consequently,

(ν × µn)
(
Gn(Rj)

−1(C ×D)△Gn(R)−1(C ×D)
)

=
∑
v∈Γ

ν
(
B−1C ∩ {ϕ = v}

)
µn
(
ρRj (v)

−1D△ ρR(v)
−1D

)
.

Each summand tends to zero, and the sum is dominated by a summable
family of total mass at most one. Dominated convergence proves the required
convergence for rectangles. Finite unions of rectangles are dense in the
measure algebra of Z ×Xn, and all the transformations preserve measure, so
the same conclusion holds for every measurable set. This is convergence in
the weak topology. □
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4. Roots and reversibility

Suppose that U ∈ G satisfies

(10) URU−1 = R−1.

Define JU ∈ Aut(Xn, µn) by

(JUx)0 = U−1xn−1,

(JUx)j = xj−1 (1 ≤ j ≤ n− 2),

(JUx)n−1 = Uxn−2.

When n = 2, this reads JU (x0, x1) = (U−1x1, Ux0).

Lemma 4.1. The transformation JU satisfies Jn
U = id and

(11) JUρR(v)J
−1
U = ρR(Pv) (v ∈ Γ).

Proof. The map JU moves each coordinate one place forward cyclically. In
one circuit, each coordinate is acted on once by U and once by U−1, so
Jn
U = id.
It is enough to verify (11) on the standard basis. For 0 ≤ i < n−2, the ith

and (i+ 1)st coordinate actions are both R, and JU carries the former to the
latter. Equation (10) shows that JU carries ρR(en−2) to ρR(en−1). Finally,
U−1R−1U = R, so JU carries ρR(en−1) to ρR(e0). □

Proposition 4.2. If R ∼= R−1, then Gn(R) has an nth root.

Proof. Choose U satisfying (10), and define

(12) SU (z, y) =
(
Az, JUρR(k(z))y

)
.

Equation (11) implies ρR(v)J
r
U = Jr

UρR(P
−rv) for v ∈ Γ and r ≥ 0. An

induction gives

Sr
U (z, y) =

(
Arz, Jr

UρR

(
r−1∑
a=0

P−ak(Aaz)

)
y

)
for 1 ≤ r ≤ n. Since Jn

U = id, equations (1) and (9) give Sn
U = Gn(R). □

Two rigidity facts isolate the obstruction in the converse: B has the unique
nth root A on the base, and adjoining an identity factor does not erase
conjugacy between ergodic transformations.

Lemma 4.3. If C ∈ Aut(Z, ν) satisfies Cn = B, then C = A.

Proof. The equation Cn = B implies that C commutes with B. Hence
C(z+n) = C(z)+n for almost every z. The measurable function z 7→ C(z)−z
is therefore B-invariant, and so is almost everywhere equal to a constant
c0 ∈ Z. Thus C is translation by c0. Since Cn = B, we have nc0 = n.
Multiplication by n is injective on Z, and therefore c0 = 1. Hence C = A. □

Lemma 4.4. Let R and Q be ergodic transformations of (X,µ), and let
(W, η) be a standard probability space. If R× idW ∼= Q× idW , then R ∼= Q.
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Proof. The invariant σ-algebra of R× idW is the pullback of the σ-algebra
of W , and the same is true for Q × idW . A conjugacy between the two
product transformations therefore induces a measure-space automorphism
θ of W . Disintegrating the conjugacy over this factor, and changing it on a
null set if necessary, gives a measurable family Uw ∈ Aut(X,µ) such that the
conjugacy has the form (x,w) 7→ (Uwx, θ(w)). The conjugacy equation gives
UwR = QUw for almost every w. Thus R ∼= Q. □

Proposition 4.5. Let R be weakly mixing. If Gn(R) has an nth root, then
R ∼= R−1.

Proof. Suppose that

(13) Sn = Gn(R).

Then S commutes with Gn(R). By Proposition 3.2, the base Z is the
maximal Kronecker factor of Gn(R). A transformation commuting with Gn(R)
preserves the σ-algebra generated by its eigenfunctions. Hence S induces an
automorphism C of Z. Equation (13) gives Cn = B, and Lemma 4.3 gives
C = A.

Because S induces A on the factor Z, disintegration over this factor gives a
measurable family Vz ∈ Aut(Xn, µn) such that S(z, y) = (Az, Vzy) for almost
every (z, y). The commutation relation SGn(R) = Gn(R)S then becomes

(14) VBzρR(ϕ(z)) = ρR(ϕ(Az))Vz

for almost every z. Let ϕ̂[q](z) =
∑q−1

r=0 ϕ(AB
rz). Iterating (14) gives

(15) VBqzρR(ϕ
[q](z)) = ρR(ϕ̂

[q](z))Vz.

The definition of ϕ also gives

ϕ(Az) =
n−1∑
a=0

P−ak(Aa+1z)

= Pϕ(z) + P
(
k(Bz)− k(z)

)
.

Summing along a B-orbit yields

(16) ϕ̂[q](z) = Pϕ[q](z) + P
(
k(Bqz)− k(z)

)
.

Choose a B-invariant conull set Z0 ⊆ Z on which (15) holds for every
q ≥ 1, and put K0 = K ∩ Z0. By Lemma 2.1, ν(K0) > 0. Choose V in the
support of the pushforward of the normalized restriction of ν to K0 under
the map z 7→ Vz. Thus, for every neighborhood O of V in Aut(Xn, µn), the
set EO = {z ∈ K0 : Vz ∈ O} has positive measure.

Fix i < n. Apply Lemma 2.1 to EO and ei. There is q ≥ 1 such that
the set of z satisfying z,Bqz ∈ EO and ϕ[q](z) = ei has positive measure.
Since k(z) = k(Bqz) = 0, equation (16) gives ϕ̂[q](z) = Pei. Equation (15)
therefore gives

(17) VBqzρR(ei) = ρR(Pei)Vz.
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Choose a compatible metric on Aut(Xn, µn) and nested neighborhoods
Om of V with diameters tending to zero. For each m, choose qm and zm as
above. Then both Vzm and VBqmzm converge to V . Passing to the limit in
(17) gives

(18) V ρR(ei)V
−1 = ρR(Pei).

Repeating this for every i < n gives (18) for all standard basis vectors.
In particular, V ρR(en−2)V

−1 = ρR(en−1). Up to a permutation of coordi-
nates, the transformations on the two sides before conjugation are respectively
R× idXn−1 and R−1 × idXn−1 . Lemma 4.4 gives R ∼= R−1. □

The following transfer theorem records the weak-mixing domain restriction
needed in the final reduction.

Theorem 4.6. For every weakly mixing R ∈ G, the transformation Gn(R) is
ergodic and

Gn(R) has an nth root ⇐⇒ R ∼= R−1.

Moreover, the map R 7→ Gn(R) is continuous in the weak topology.

Proof. Ergodicity and continuity follow from Proposition 3.2 and Lemma 3.3.
The two implications are Propositions 4.2 and 4.5. □

5. Proof of the main theorem

Let Trees be the Polish space of trees, and let IF ⊆ Trees be the set of
ill-founded trees (i.e., trees that have an infinite branch). The set IF is
Σ1

1-complete; see [7, Section 27] and [9, Section 2.5].
Fix one of the compact surfaces appearing in [9, Theorem 3], for example

the two-torus. Kunde constructs a continuous one-to-one map τ 7→ Rτ from
Trees into the weakly mixing, area-preserving C∞ diffeomorphisms of that
surface such that

(19) τ ∈ IF ⇐⇒ Rτ
∼= R−1

τ .

Indeed, the forward implication is part (1) of [9, Theorem 3]; part (2) states
that Kakutani equivalence of Rτ and R−1

τ implies that τ is ill-founded, and
hence gives the reverse implication in (19). The inclusion of the C∞ dif-
feomorphism group into the group of measure-preserving transformations is
continuous from the C∞ topology to the weak topology: C∞ convergence,
together with continuity of inversion, gives uniform convergence of the associ-
ated Koopman operators on continuous functions, and continuous functions
are dense in L2. After conjugating by a fixed measure-space isomorphism
with (X,µ), we may therefore regard τ 7→ Rτ as a continuous map into G.

Proof of Theorem 1.1. Fix n ≥ 2 and define Θn : Trees → G by Θn(τ) =
Gn(Rτ ). By Lemma 3.3, Θn is continuous. Every Rτ is weakly mixing, so
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Theorem 4.6 gives

τ ∈ IF ⇐⇒ Rτ
∼= R−1

τ

⇐⇒ Θn(τ) has an nth root.

Every Θn(τ) is ergodic. Thus Θn is a continuous reduction of IF to Rerg
n .

Since Rerg
n is analytic, it is Σ1

1-complete. □

Proof of Corollary 1.2. The same map Θn is a continuous reduction of IF to
Rn, because all of its values are ergodic. Hence Rn is Σ1

1-hard. It is analytic
as the range of the continuous power map S 7→ Sn, so it is Σ1

1-complete. □

6. Further questions

The reduction above has weakly mixing inputs but not weakly mixing
outputs: every Θn(τ) has the nontrivial odometer (Z, ν,B) as its maximal
Kronecker factor. Is the set Rwm

n = {T ∈ Rn : T is weakly mixing} Σ1
1-

complete for every n ≥ 2?
Theorem 1.1 treats every fixed root order uniformly, so at this level there

is no distinction between prime and composite n. Arithmetic enters when
several root orders are required of the same transformation: if T has an nth
root, then it has a dth root for every divisor d of n. For a fixed finite or
infinite set D ⊆ {2, 3, . . .}, what is the descriptive complexity of

⋂
m∈DR

erg
m ?

More finely, which downward-closed sets occur as {m ≥ 2 : T ∈ Rm}, and
what is the complexity of prescribing this root spectrum? King proved that a
generic transformation has roots of every order [8], while Madore constructed
a mixing transformation with square-root chains of every finite length but no
infinite square-root chain [10].

Madore’s example also separates independent roots from a coherent sys-
tem of roots. Call a family (Sm)m≥1 coherent if S1 = T and Sm

mn = Sn

for all m,n ≥ 1; equivalently, it determines a measure-preserving action
of (Q,+) whose time-one map is T . What is the descriptive complexity of
the transformations admitting such a rational action? A time-one map of a
measure-preserving flow has a coherent rational root system, but flow embed-
dability requires that this action extend to a weakly continuous one-parameter
subgroup. De la Rue and de Sam Lazaro proved that a generic measure-
preserving transformation embeds in a flow [2]. What is the exact descriptive
complexity of the time-one maps of measure-preserving flows, and does it
change upon restriction to the ergodic or weakly mixing transformations?
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