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Abstract. The present note is merely an exercise in translating the
proof of the following result (by Goh) into more classical descriptive
set theoretic terms: if (A0, A1) is a complete pair of disjoint coanalytic
subsets of a Polish space, then every coanalytic set separating A0 from
A1 is Π1

1-complete. Neither the proof nor the result is novel.

1. Introduction

Let X be a Polish space. A pair (A0, A1) of disjoint coanalytic subsets
of X is complete if, whenever B0, B1 are disjoint coanalytic subsets of a
zero-dimensional Polish space Y , there is a continuous map f : Y → X such
that

f−1(Ai) = Bi (i = 0, 1).
A set C ⊆ X separates A0 from A1 if

A0 ⊆ C ⊆ X \ A1.

A coanalytic set C ⊆ X is Π1
1-complete if every coanalytic subset of the

Baire space is continuously reducible to C.
Saint Raymond proved that the pair consisting of the well-founded trees

and the trees with exactly one infinite branch is a complete pair of coanalytic
sets [3]. Goh subsequently proved, by recursion-theoretic methods, that
every coanalytic separator of this pair is Π1

1-complete [1]. The present note
is an exercise in translating Goh’s argument into more classical DST terms.
Neither the proof nor the result is new.

Completeness of the pair alone does not immediately settle the separator
question. Reducing (B,∅) to (A0, A1) proves that A0 is Π1

1-complete, but if
C is a larger separator, the same reduction places no restriction on whether
points outside B are mapped into C. The argument below supplies the
missing control by a diagonal construction.

2. Universal sets and a fixed-point lemma

Write N = ωω. If P ⊆ N × X and α ∈ N , write
Pα = {x ∈ X : (α, x) ∈ P}.

Fix a homeomorphism
⟨·, ·⟩ : N 2 −→ N ,

and write γ 7→ ((γ)0, (γ)1) for its inverse.
1



2 JC

We use a good universal system for Π1
1. Thus, for each Polish space X

occurring below, fix a coanalytic set
UX ⊆ N × X

whose sections are exactly the coanalytic subsets of X, together with a
continuous map

sX : N × N −→ N
such that
(1) UX

sX(α,β) =
(
UN ×X

α

)
β

(α, β ∈ N ).

Such systems are standard; they may be obtained from the usual universal
closed-set codes. Compare the Good Parametrization Lemma [2, 3H.1].

We also use the reduction property of Π1
1: if P0, P1 are coanalytic subsets

of a Polish space, then there are disjoint coanalytic sets Vi ⊆ Pi such that
V0 ∪ V1 = P0 ∪ P1.

See [2, 4B.10].

Lemma 2.1. There are disjoint coanalytic sets V0, V1 ⊆ N × N with the
following property. For any coanalytic sets R0, R1 ⊆ N × N , there is a
continuous map θ : N → N such that, for every z ∈ N for which (R0)z ∩
(R1)z = ∅,

(Vi)θ(z) = (Ri)z (i = 0, 1).

Proof. Define coanalytic sets P0, P1 ⊆ N × N by
(α, x) ∈ Pi ⇐⇒ x ∈ UN

(α)i
(i = 0, 1).

By the reduction property, there are disjoint coanalytic sets Vi ⊆ Pi such
that

V0 ∪ V1 = P0 ∪ P1.

Whenever (P0)α and (P1)α are disjoint, one has
(2) (Vi)α = (Pi)α (i = 0, 1).
Indeed, if x ∈ (Pi)α, then the equality of the unions places x in one of
(V0)α, (V1)α. Since Vj ⊆ Pj and the two P -sections are disjoint, x must
belong to (Vi)α. The reverse inclusion follows from Vi ⊆ Pi.

Now let R0, R1 ⊆ N × N be coanalytic, and choose ρi ∈ N such that
Ri = UN ×N

ρi
.

By (1), the maps
ri(z) = sN (ρi, z)

are continuous and satisfy
UN

ri(z) = (Ri)z.

Put
θ(z) = ⟨r0(z), r1(z)⟩.
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Then (Pi)θ(z) = (Ri)z. If the latter two sections are disjoint, the conclusion
follows from (2). □

The following is the continuous fixed-point lemma associated with a good
universal system. Equality in its conclusion is equality of the sets coded by
the two parameters, not necessarily equality of the parameters themselves.

Lemma 2.2. Let X be a Polish space, and let σ : N ×N → N be continuous.
There is a continuous map a : N → N such that

(3) UX
a(y) = UX

σ(a(y),y) (y ∈ N ).

Proof. Define R ⊆ N × X by

(⟨e, y⟩, x) ∈ R ⇐⇒ x ∈ UX
σ(sX(e,⟨e,y⟩),y).

The set R is coanalytic. Choose r ∈ N such that

R = UN ×X
r ,

and define
a(y) = sX(r, ⟨r, y⟩).

Then a is continuous, and for every y ∈ N ,

UX
a(y) =

(
UN ×X

r

)
⟨r,y⟩

= R⟨r,y⟩

= UX
σ(sX(r,⟨r,y⟩),y)

= UX
σ(a(y),y).

□

3. Separators of complete pairs

Theorem 3.1. Let X be a Polish space, let (A0, A1) be a complete pair of
disjoint coanalytic subsets of X, and let C ⊆ X be coanalytic. If

A0 ⊆ C ⊆ X \ A1,

then C is Π1
1-complete.

Proof. Let V0, V1 be as in Lemma 2.1, and define

Ei = {t ∈ N : (t, t) ∈ Vi} (i = 0, 1).

The sets E0, E1 are disjoint and coanalytic. By completeness of (A0, A1),
there is a continuous map h : N → X such that

(4) h−1(Ai) = Ei (i = 0, 1).

We first construct a continuous map q : N → X satisfying

(5) UX
α ∩ C = ∅ =⇒ q(α) /∈ C ∪ UX

α .
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Define R0, R1 ⊆ N × N by
(α, t) ∈ R0 ⇐⇒ h(t) ∈ A1 or (α, h(t)) ∈ UX ,

(α, t) ∈ R1 ⇐⇒ h(t) ∈ C.

These sets are coanalytic. By Lemma 2.1, there is a continuous θ : N → N
such that, whenever (R0)α and (R1)α are disjoint,
(6) (Vi)θ(α) = (Ri)α (i = 0, 1).
Put

q(α) = h(θ(α)).
Suppose that UX

α ∩ C = ∅. Since A1 ∩ C = ∅, the sections (R0)α and
(R1)α are disjoint, so (6) applies. Write t = θ(α). If q(α) ∈ C, then

t ∈ (R1)α = (V1)t,

so t ∈ E1. By (4), q(α) = h(t) ∈ A1, contradicting C ∩ A1 = ∅. Thus
q(α) /∈ C.

If q(α) ∈ UX
α , then

t ∈ (R0)α = (V0)t,

so t ∈ E0. It follows from (4) that q(α) = h(t) ∈ A0 ⊆ C, contradicting
UX

α ∩ C = ∅. This proves (5).
Now let B ⊆ N be an arbitrary coanalytic set, and define H ⊆ N × X by

(⟨α, y⟩, x) ∈ H ⇐⇒ y ∈ B and x = q(α).
The set H is coanalytic: after decoding the first coordinate, it is the inter-
section of the continuous preimage of B with the graph of the continuous
map β 7→ q((β)0), and the latter graph is closed. Choose ρ ∈ N such that

H = UN ×X
ρ ,

and define
σ(α, y) = sX(ρ, ⟨α, y⟩).

Then σ : N × N → N is continuous and

(7) UX
σ(α,y) =

{
{q(α)}, y ∈ B,

∅, y /∈ B.

Apply Lemma 2.2 to obtain a continuous a : N → N such that
UX

a(y) = UX
σ(a(y),y).

Finally, set
f(y) = q(a(y)).

If y /∈ B, then (7) gives UX
a(y) = ∅, and (5) gives f(y) /∈ C. If y ∈ B, then

UX
a(y) = {q(a(y))} = {f(y)}.

If f(y) /∈ C, this section is disjoint from C, so (5) implies

f(y) = q(a(y)) /∈ UX
a(y),
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a contradiction. Therefore f(y) ∈ C. We have shown that
y ∈ B ⇐⇒ f(y) ∈ C.

Since f is continuous and B was an arbitrary coanalytic subset of N , the
set C is Π1

1-complete. □

Remark 3.2. The proof uses only the following properties of Π1
1: it contains

the closed sets, is closed under finite unions, finite intersections, and con-
tinuous preimages, has the reduction property, and admits a good universal
system with continuous sectioning maps as in (1). Consequently, the same
argument applies to any boldface pointclass with these properties: every
separator in the pointclass of a complete disjoint pair in the pointclass is
complete for the pointclass.

Corollary 3.3. Let Tr be the Polish space of trees on ω, and let
WF = {T ∈ Tr : [T ] = ∅}, UB = {T ∈ Tr : |[T ]| = 1}.

If C ⊆ Tr is coanalytic and
WF ⊆ C ⊆ Tr \ UB,

then C is Π1
1-complete.

Proof. Saint Raymond proved that (WF, UB) is a complete pair of coanalytic
sets [3, Theorem 23]. Apply Theorem 3.1. □

Remark 3.4. Saint Raymond denotes UB by WF∗.
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